The stochastic variational method and its fixed core variant are applied to the calculation of lithium positride (LiPs), positronic beryllium (e + Be), sodium positride (NaPs) and positronic magnesium (e + Mg). The revised binding energy of LiPs was 0.012 341 Hartree, that for e + Be was 0.031 47 Hartree, that for NaPs was 0.008 419 Hartree and the binding energy for e + Mg was 0.015 612 Hartree. The binding energies for LiPs and e + Be are expected to be within 2% of the variational limit. The uncertainties in the NaPs and e + Mg binding energies are larger and these are expected to be within 10-15% of the variational limit.
Introduction
About 50 years ago, the first calculations showing that exotic positron binding compounds, Ps − , Ps 2 and PsH were chemically stable were performed [1] [2] [3] . Since those initial calculations, discovery of other exotic positron binding compounds has been relatively slow until 1997 when the first rigorous calculations demonstrating positron binding to a neutral atom were performed [4, 5] . Since then, there have been a number of calculations of exotic positron binding compounds and numerous atoms have been shown to bind either a positron or positronium [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . This research has resulted in a greatly increased understanding about the dynamics of the interaction between positrons and atoms (and molecules). Although the greater part of the evidence for the existence of the positron binding atomic compounds is theoretical in nature, there is also experimental evidence for a few species. References to the experimental work can be found in [6, 21, 22] .
Two of the simplest positronic systems are lithium positride (LiPs) and positronic beryllium (e + Be). Both of these systems have four electrons and a positron. Earlier calculations on these systems were able to establish the fact that both of these systems were chemically stable and gave reasonably accurate estimates for the energy and other atomic properties [6] . In this paper, the wavefunctions for both of these systems have undergone further refinement and the present results are an order of magnitude more precise that those published previously. Besides LiPs and e + Be, a minor refinement of the NaPs wavefunction has been made, while an extensive calculation aimed at improving the quality of the e + Mg wavefunction was completed.
Calculations
The methods used for the calculations are the stochastic variational method (SVM) and its fixed core variant, the fixed core stochastic variational method (FCSVM) [6, [24] [25] [26] [27] . While the ordinary SVM has been used to establish the chemical stability of LiPs and e + Be, both of these systems have five active particles. A converged SVM calculation on either of these systems is not possible at this time. However, by making the fixed core approximation it is possible to reduce the number of active particles to three, and thereby generate wavefunctions that are much closer to convergence. The chief source of uncertainty in the FCSVM pol calculation is the core-polarization potential. (The subscript pol denotes the fact that core-polarization potentials were included in the model Hamiltonian.) However, the 1s 2 cores in LiPs and e + Be are tightly bound and have small polarizabilities. Therefore the errors associated with the parametrization of the polarization potential should be relatively minor. Comparisons of SVM and FCSVM pol binding energies and annihilation rates for positronic lithium (e + Li) and (e + He( 3 S e )) confirm the idea that the errors associated with the use of the polarization potential are quite small [6, 7] .
Since detailed descriptions of the SVM and FCSVM pol have been published, only a brief description is presented here. In the SVM, the Hamiltonian is diagonalized in a basis of explicitly correlated Gaussian (ECG) functions. The optimum values of the nonlinear parameters are determined by a stochastic trial and error process [24] [25] [26] [27] . The FCSVM pol replaces the full Hamiltonian for the N e -electrons and one positron system by a model Hamiltonian with the core electrons removed, namely
In this expression, the r i,j refer to the electron coordinates, while the r 0 refers to the positron coordinate. The direct potential (V dir ) for the core is taken from a Hartree-Fock wavefunction and is the same (although opposite in sign) for the electron and the positron. The exchange potential (V exc ) between the valence electron(s) and the Hartree-Fock core was computed exactly. The polarization potential V p1 is a semi-empirical polarization potential derived from an analysis of the spectrum of the parent atom or ion. It has the functional form
The factor α d is the static dipole polarizability of the core and g 2 (r) is a cutoff function designed to make the polarization potential finite at the origin. The same cutoff function was adopted for both the positron and electrons and g 2 (r) was defined as
where ρ is an adjustable cutoff parameter. The two-body polarization potential (V p2 ) is defined as
A Gaussian expansion was used to approximate the radial dependence of the polarization potential [6] . The Gaussian representations for Li and Na [28] , Be and Mg have been improved since their original usage [6] .
The two electrons in the 1s 2 Li + core were taken from a Hartree-Fock calculation. The core polarization potential was defined with α d = 0.1925a 3 0 and ρ = 1.40a 0 [6] . The ionization potential of the Li ground state in this model was 0.198 115 Hartree [28] (1 Hartree = 27.2114 eV) and was less than 0.02% different from the experimental ionization potential of 0.198 142 Hartree [29] . The two electrons in the 1s 2 Be 2+ core were taken from a Hartree-Fock calculation of the Be 2s 2 1 S e ground state. The core polarization potential was defined with α d = 0.0523a 3 0 and ρ = 0.950a 0 [6] . The two-body energy of neutral beryllium was −1.011 953 Hartree. This energy is slightly different from that reported in [6] due to the different Gaussian representation of the polarization potential and some further optimization of the two-electron wavefunction.
The operator
is an orthogonalizing pseudo-potential that acts to produce wavefunctions orthogonal to the occupied core orbitals provided a large enough value is chosen for λ [6, 8, 30] . The parameter λ was set to 10 5 Hartree for the present calculations. The expectation values of the λP operator for the present (close to converged) wavefunctions were less than 10 −6 Hartree for both LiPs and e + Be. The expectation values for NaPs and e + Mg were larger, but were still only 4.1×10
and 5.5 × 10 −5 Hartree, respectively. The binding energies were simply computed by subtracting the energy of the positronic complex from the energy of the lowest energy breakup channel. The criteria for binding is that the positronic complex have a lower energy than the breakup channel. The values of various expectation values were computed to provide further information about the structure of ground state. The mean distance of the (valence) electrons and the positron from the nucleus are denoted by r e − and r e + . The positronic atom will decay by electron-positron annihilation and the 2γ annihilation rate ( ) was computed [31] [32] [33] . The 2γ rate also gives information about the tendency for the electron and positron to form a Ps cluster [12] (a Ps cluster can be regarded as something akin to a Ps atom bound to the system). The computed annihilation rate, allows for annihilation with the valence and core electrons although the core annihilation rate core is given separately.
Results for LiPs
Total and binding energies for various calculations of LiPs are given in table 1. The energy of neutral Li was taken as −7.478 0603 [34] . The LiPs energy with a correlated basis of dimension 860 is now −7.740 208 Hartree. This represents an improvement of about 0.0005 Hartree over the previous best energy [6] .
The FCSVM pol wavefunction for LiPs was also subjected to substantial further optimization and the basis dimension increased to 900. Although, these calculations absorbed months of computer time, the net result in the binding energy was an increase from 0.012 235 to 0.012 341 Hartree i.e. a change of about 1%. It is believed that the present FCSVM pol energy has converged to within 1%.
The estimated variational limit for the LiPs system has been obtained by using the FCSVM pol binding energy to correct the SVM binding energy (in effect the FCSVM pol binding energy is added to the energies of Ps and Li). The estimated energy of −7.7404 Hartree is probably correct to ±1 in the last digit.
The diffusion quantum Monte Carlo (QMC) method had also been applied to the determination of the LiPs energy. Neither of the QMC energies quoted in table 1 agree with the present energy within their statistical uncertainties. The discrepancy with the calculation [19] is not too large. However, the calculation of Yoshida and Miyako [23] gave a binding energy that is more than twice the present binding energy. There seem to be uncertainties associated with the diffusion QMC method that go beyond the statistical uncertainties often quoted in the answer. This is exemplified by the calculation of Harju et al [42] . In this QMC calculation, a fixed core calculation gave a LiPs binding energy of 0.015 Hartree, while an ab initio calculation failed to predict binding. The changes in the annihilation rate have been more substantial. The gratifying feature about the present results is that the SVM and FCSVM pol estimates of the annihilation rate now agree to within 1%. This is the best agreement that could be expected given that the SVM LiPs wavefunction is about 0.0002 Hartree away from its variational limit. This good agreement in the annihilation rate removes a minor anomaly present in [6] . Here, there was about a 5% discrepancy between the SVM and FCSVM pol annihilation rates. It is noted that the QMC annihilation rate of Bressanini et al [19] is close to agreeing with the present SVM annihilation rate within the quoted uncertainty.
Results for e + Be
Total and binding energies for the various e + Be calculations are given in table 1. The energy of neutral Be was taken as −14.667 355 Hartree [35] . The SVM wavefunction for e + Be had used a basis of 1275 ECGs and was so unwieldy that no attempt was made to improve this particular wavefunction. Rather, it was decided to concentrate all efforts into improving the FCSVM pol wavefunction for e + Be. The basis dimension was increased to 750 and the wavefunction subjected to further optimization. The e + Be energy increased by about 10% and the best estimate of the binding energy is now 0.003 147 Hartree (the two-electron energy of neutral Be in the FCSVM model is −1.011 953 Hartree). This model Hamiltonian binding energy probably converges to within 1 or 2%.
The estimated variational limit for e + Be was obtained by using the FCSVM pol binding energy to correct the SVM binding energy (the FCSVM pol binding energy was added to the energy of Be). The energy of −14.6705 Hartree should be regarded as having an uncertainty of ±1 for the last digit.
The change in the e + Be annihilation rate was about 5% and once again represented an increase. A general trend that we have noticed in most of our SVM and FCVSM pol calculations is a tendency for the computed to approach to its variational limit from below. This would seem to be a general feature of correlated Gaussian wavefunctions which do not have the correct functional behaviour to satisfy cusp conditions.
Results for NaPs
The present binding energy is only a minor refinement over the previously published value [28] which was already reasonably accurate. The energy of the NaPs ground state was −0.446 810 Hartree. When the Ps-binding energy and the (FCSVM pol ) Na binding energy of −0.188 391 Hartree [28] are subtracted from the NaPs energy the resulting binding energy is 0.008 419 Hartree. The net change in the binding energy was only 5% with a smaller change in the annihilation rate. The binding energy is estimated to be within 10-15% of the variational limit.
Results for e + Mg
The present calculation for e + Mg was an improvement over the previous calculation [6] in two respects. Firstly, the Gaussian expansion of the radial form of the polarization potential has a much better representation of the (1 − exp(−r 6 /ρ 6 ))/r 2 cutoff function. Second, the basis dimension was enlarged to 960 and the nonlinear exponents subjected to further optimization. With the new Gaussian representation, the energies of the Mg + and Mg( 1 S e ) ground states were −0.551 918 and −0.832 072 Hartree (note, the Mg( 1 S e ) wavefunction was also subjected to additional optimization).
Although the present results for e + Mg are of higher quality than the previous FCSVM calculation [6] , it was apparent that the present e + Mg wavefunction did not have nearly the same degree of convergence as the LiPs and e + Be wavefunctions. Examination of the convergence pattern suggests that the binding energy reported in table 1 is accurate to about 15%. Besides the increase in the binding energy, there has also been a substantial increase of about 12% in the annihilation rate from the previously reported value of [6] . This reinforces the idea that the slow increase to the correct annihilation rate from below is a general feature of the SVM ansatz.
Although the binding energy has increased, it is still less than 50% of the binding energy reported using many-body perturbation theory (MBPT) [37, 38] . This MBPT calculation gave 0.0362 Hartree as the estimate of the positron binding energy. There had been four predictions of positron binding to Mg in the past by various techniques. The methods used for three of these calculations were too primitive to be taken as a serious prediction of binding [39] [40] [41] . The more recent MBPT calculation was more sophisticated, but did not provide a rigorous prediction of binding with respect to the underlying model Hamiltonian. Comparison with the present FCSVM calculations suggest that the MBPT polarization-correlation potential leads to a gross over-prediction of the positron binding energy. In the MBPT calculation, two classes of states were included in the expansion over the intermediate states. The first class of intermediate states consisted of a positron coupled to excited states of the Mg atom. This expansion is not able to properly treat the strong electron-positron correlations and in general severely underestimates the strength of the interaction between the atom and positron. In order to solve this problem, an additional diagram that roughly corresponds to the inclusion of an intermediate state best described as the Ps ground state coupled to the Mg + ground state was included in the MBPT expansion. When this is done, the MBPT expansion contains two different manifolds of states and therefore the possibility of double counting is present. This possibility can be eliminated by orthogonalizing the 'Ps + Mg + ' intermediate state to the manifold of 'e + + Mg * ' states. While this was apparently done in the MBPT calculation, the energy of the 'Ps + Mg + ' state was retained unchanged in the energy denominator and therefore did not take into consideration the fact that orthogonalization would raise the energy of this state. This could potentially lead to a large overestimate in the strength of the polarizationcorrelation potential and consequently an overestimate of the positron binding energy.
However, the current FCSVM pol calculation only gives an upper bound to the binding energy. Since this calculation relies on a stochastic search, there is no guarantee that the calculation might not severely underestimate the binding energy (although visual examination of the convergence pattern suggests that the present energy is within 10-15% of the variational limit). An independent calculation of the e + Mg binding energy needs to be done to ultimately resolve the discrepancy between the MBPT and FCSVM pol binding energies.
Conclusion
In the present paper, close to converged wavefunctions for the FCSVM pol model LiPs and e + Be systems have been obtained. The resulting FCSVM pol binding energies are probably converged to within 1 or 2%. The model Hamiltonian binding energies are used to derive ab initio energies for these systems that are close to the variational limit. In addition, improved estimates of the NaPs and e + Mg binding energy have been presented. The present results will be useful for the development of alternate methods to tackle the positronic atom problem. A configuration interaction (CI) approach to investigate positronic atoms is currently under development [17] . It is our intention to validate the CI method on systems such as PsH, e + Be and LiPs. Having accomplished this, it will then be possible to perform CI calculations on heavy systems such as e + Zn and KPs [13, 14] which are very tedious to tackle using the fixed core SVM. In addition, it is planned to compute the e + Mg binding energy and thus finally resolve the cause of the discrepancy between the FCSVM pol and MBPT calculations.
